If w denotes an interface Fresnel reflection or transmission coefficient for s -or p -polarized light at an oblique angle of incidence 4), and z denotes the same coefficient at normal incidence, we find that w is an analytic function of z, w = f(z), that depends on 4) but not on the specific optical properties of the two media on both sides of the interface. All four functions that correspond to the four distinct Fresnel coefficients and their inverses are determined. We single out for detailed examination, as an example, the relationship between the reflection of s -polarized light at 45' angle of incidence and at normal incidence for any transparent medium/absorbing medium interface by considering the mapping properties of the associated transformation and its inverse between the z and w planes. A useful byproduct of this investigation is a technique for the determination of the optical properties of isotropic and uniaxially and biaxially anisotropic absorbing media from measurement of reflectance at normal and oblique incidence.
INTRODUCTION
The reflection and transmission of a plane wave of light (or any other electromagnetic radiation) at the planar interface between two homogeneous and isotropic media are governed by the well-known Fresnel coefficients.' These fundamental coefficients also play a key role in the theory of light reflection and transmission by stratified multilayer media.
In this paper we show that if z and w represent any Fresnel coefficient at normal and oblique incidence, respectively, then w is an analytic function of z, w = f(z), that depends parametrically on the angle of incidence 0. In such a function the specific optical properties (complex refractive indices) of the two media that surround the interface do not appear. We determine the function w = f(z) and its inverse z = g(w) for the reflection and transmission of light linearly polarized parallel (p) and perpendicular (s) to the plane of incidence. We illustrate the mapping between the complex z and w planes by one of the Fresnel coefficients (for s reflection) at normal and one oblique angle of incidence (450) . As an application, we show how the optical properties of isotropic and uniaxially and biaxially anisotropic absorbing media can be determined from measurements of reflectance at normal and oblique incidence.
II. TRANSFORMATION OF THE FRESNEL COEFFICIENTS FROM NORMAL TO OBLIQUE INCIDENCE
Let light be incident at an angle 0 from a medium of refractive index n onto its planar interface with another medium with refractive index N, Fig. 1 . If we define v = N/n (1) to be the ratio of the refractive indices of the two media, we find that the complex-amplitude Fresnel reflection (r) and transmission (t) coefficients 2 are functions of v only given by
Equations (2) and (3) are valid when the two media are absorbing in which case n, N, and 0 are all complex. However, we are often interested in the special case when the medium of incidence is transparent so that n and 0 are real. That the Fresnel coefficients at an oblique angle of incidence 0 are determined only by the refractive index ratio v is an important point that is not usually recognized. 3
The Fresnel coefficients at normal incidence are obtained by setting 0 = 0 in Eqs. (2) and (3); this gives (4)
The p and s linear polarizations are physically indistinguishable at normal incidence and the difference in sign of their reflection coefficients, Eq. (4), arises because in Fig. 1 the p directions for the incident and reflected waves become antiparallel, while the s directions are parallel, at normal in- cidence. 4 If we denote a particular Fresnel coefficient at oblique incidence by w and the same coefficients at normal incidence by z, we see from Eqs. (2)-(5) that both w and z are functions of v. Elimination of v between w and z provides the direct relationship (transformation), w = f(z). The desired transformations thus obtained are all summarized in the following.
For the reflection of s-polarized light, the Fresnel coefficient and a is given by Eq. (8). For p reflection, the inverse of Eq.
(7) is obtained by solving the following quartic equation for z : a 4 Z 4 + a 3 Z 3 + a 2 Z 2 + a 1 z + ao = 0, (14) where ao = a 4 = P-1, a, = a 3 = 4p -a + 2,
and a and p are given by Eqs. (8) at oblique incidence w is related to the same coefficient at normal incidence z by
(1 + z) + (Z 2 -az + 1)1/2 (6) and the corresponding transformation for the reflection of p-polarized light is
where, in Eqs. (6) and (7), a = 2(2 tan 2 o + 1).
For the transmission of s-polarized light, the transformation of the Fresnel coefficient from normal to oblique incidence w = 2z/[z + (Z 2 -4cz + 4c)1/ 2 ], (9) and the corresponding transformation for the transmission of p-polarized light is
where, in Eqs. (9) and (10),
III. INVERSE TRANSFORMATIONS
It is also of interest to derive the inverse transformations that determine the Fresnel coefficients at normal incidence (z) from their corresponding values at oblique incidence (w). Algebraic manipulations (omitted here) lead to the following results.
For s reflection, the inverse of Eq. (6) is
where
and c is given by Eq. (11). Finally, for p transmission, inversion of Eq. (10) gives the following quartic in z:
where 00 = 4w 2 , N P
IV. MAPPING OF THE FRESNEL REFLECTION COEFFICIENT FOR s-POLARIZED LIGHT BETWEEN NORMAL AND OBLIQUE INCIDENCE: AN EXAMPLE
Much insight into the nature of a complex transformation governed by an analytic function connecting two complex variables z and w can be gained if we consider the mapping (imaging) of geometrical features in the z plane onto the w plane and vice versa.
As we have seen in Secs. II and III, the four distinct Fresnel coefficients lead to eight analytic functions (transformations) given by Eqs. (6), (7), (9), (10), (12), (14), (16), and (18). Examination of the mapping by these eight functions of the family of concentric circles with the origin as center (I z I or I w I = const) and the orthogonal family of straight lines through the origin (argz or argw = const) leads to a large and fascinating collection of orthogonal sets of curves. Here we discuss only as an example the mapping of the Fresnel reflection coefficient for the s polarization between normal and 450 oblique incidence [Eqs. (6) and (12) with 0 = 4501.
We assume that the medium of incidence is transparent so that its refractive index n is real and that the second medium is in general absorbing so that N and v are complex.
If we choose the ejit time dependence for the harmonic The following properties of the transformation given by Eq.
(6), that relates the reflection of s-polarized light at normal and oblique incidence, can be readily verified.
(1) The transformation is double valued. For a given value of z, there are two corresponding values w 1 and w 2 of w [because of the two values of the square root in Eq. (6)] such that w2 = 1/wi. Only that value of w for which |w l < 1 (i.e., that lies inside or on the unit circle I w I = 1 in the w plane) is selected as physically acceptable. The other value, for which w I > 1, is discarded.
(2) When z = z*, we find that w = w*. Therefore, mapping between the upper halves of the complex z and w planes determines mapping of the lower halves by mirror reflection in the real axis.
(3) When z = 0 and z = -1, we have w = 0 and w = -1, respectively. 7 It can be proved that these two points are the only invariant points of the transformation.
(4) There is one-to-one correspondence between points inside and on the unit circle Iz I = 1 in the z plane with points (when e -jet is chosen instead). 8 If z traces the upper half of the circumference of the unit circle (i.e., Iz I = 1 and 0 < argz < ir) from z = +1 to z = -1, w will trace the arc of the unit circle in the w plane between w = ej 2 P and w = -1 (i.e., the arc I w I = 1 and 20 < argw < 7r). The lower half of the circumference of the unit circle in the z plane between z = +1 and z = -1 is mapped onto the arc of the unit circle in the w plane A, B, C, . . L correspond to argw = (0, 1800), (150, 1950) , (30°, 2100) , ... , (1650, 3450) and their images in the z plane are denoted by a, b, c, . .I, respectively.
(right). Figure 5 is a superposition of Figs. 3 and 4 and shows that the orthogonal (polar) set of straight lines and circles through and around the origin in the z plane, is mapped onto orthogonal sets of curves in the w plane, as is expected from a conformal mapping (by and analytic function).
The mapping properties of the inverse transformation w z, which is given by Eq. (12), are illustrated by Figs. 6-8 which are self-explanatory. FIG. 7 . Inverse mapping of the Fresnel reflection coefficient for s-polarized light between oblique incidence at 450 (w plane) and normal incidence (z plane). The circles A, B, C, . . ., J in the w plane correspond to I wI = 0. 1, 0.2, 0.3, . . ., 1 and their images in the z plane are a, b, c.., respectively.
V. A TWO-REFLECTANCE METHOD (TRM) FOR THE DETERMINATION OF THE OPTICAL

PROPERTIES OF ISOTROPIC AND ANISOTROPIC MEDIA
The study of the transformation of the Fresnel coefficients between normal and oblique incidence is significant not only because it provides new insight into the nature and behavior of these fundamental coefficients, but also because such insight can lead to new conclusions. In this section we provide an example. Assume that linearly s-polarized light is incident from an isotropic medium of known refractive index (e.g., air or vacuum) onto the planar surface of an isotropic absorbing medium. If we measure the surface (intensity) reflectances Bo and Bo. at normal and one oblique angle of incidence X, we readily determine I z R = So/2 and Ew I -B' 1 ' If we draw in the complex z plane the circle I z I = So/2 and the image of I w = B 1 / 2 , the points of intersection of these two curves determine the complex normal-incidence reflection coefficient z. [Thus measurement of reflectance at oblique incidence leads, through the foregoing construction, to the specification of the phase shift (argz) upon normal-incidence reflection.] Both of the two complex-conjugate values v and v* are acceptable because each corresponds to a different time dependence (eiwt and e-iwt, respectively). Figure 10 shows a useful nomogram that can be used to determine the optical properties of a medium using the TRM at normal and 450 angle of incidence. This nomogram is obtained by the superposition of the z and w planes in Fig. 7 . Similar nomograms can be constructed that apply when reflectance measurements are made at normal and any general angle of incidence. The technique can also be generalized to measurements of reflectance at any two angles of incidence.' 3 -' 6 The foregoing TRM can be extended to apply to anisotropic media. For a uniaxial crystal, the reflectances of s-polarized light at normal and oblique incidence can be measured on a crystal face cut parallel to the optic axis. When the optic axis is in the plane of incidence, the reflection is governed by the ordinary complex refractive index No only, which can be determined exactly as described before for the case of an isotropic medium. If the measurements are repeated with the optic axis perpendicular to the plane of incidence (i.e., oriented in the s direction), the complex extraordinary refractive index Ne can likewise be determined.
For a biaxial absorbing crystal, with three principal axes x, y, and z, all of the optical properties can be determined by repeated application of the TRM on two crystal faces each containing a different pair of principal axes, e.g., xy and yz. If three sets of reflectance measurements at normal and oblique incidence are made, with the crystal oriented such that each principal axis is brought in turn in alignment with the linear vibration of incident spolarized light, all of the three complex principal refractive indices Nx, Ny, and Nz can be obtained, using exactly the same procedure appropriate to the case of an isotropic medium. 'A. Fresnel, "Memoire sur la loi des modifications que la r6flection imprime a la lumibre polarisee," in Oeuvres Completes de Fresnel, Vol. 1, H. Senarmont, l. Verdet, and L. Fresnel, 1866, pp. 767-775 (Johnson Reprint Corporation, New York, 1965 
